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ON A-NUMERICAL RADIUS INEQUALITIES OF OPERATORS
AND OPERATOR MATRICES
RAJ KUMAR NAYAK, PINTU BHUNIA AND KALLOL PAUL*
Abstract. Let H be a complex Hilbert space and let A be a positive operator
on H. We obtain new bounds for the A-numerical radius of operators in semi-
Hilbertican space BA(H). Further, we develop inequalities for the A-numerical
radius of n × n operator matrices of the form (Tij)n×n, where Tij ∈ BA(H)
and A = diag(A,A, . . . , A) is an n × n operator diagonal matrix. Finally,
we estimate bounds for the B-operator seminorm and B-numerical radius of
2 × 2 operator matrices, where B = diag(A,A). The inequalities and bounds
obtained here generalize and improve on the existing ones, respectively.
1. Introduction
The purpose of the present article is to study the numerical radius inequalities
of semi-Hilbertian space operators and operator matrices, which generalize the
classical numerical radius inequalities of complex Hilbert space operators and op-
erator matrices. Let us first introduce the following notations and terminologies.
Let B(H) denote the C∗-algebra of all bounded linear operators on a complex
Hilbert space H with the usual inner product 〈., .〉 and the corresponding norm
‖.‖. Let T ∈ B(H). As usual the Range of T and the Kernel of T are denoted by
R(T ) and N(T ), respectively. By R(T ) we denote the norm closure of R(T ). Let
T ∗ be the adjoint of T . The letters I and O are reserved for the identity operator
and the zero operator on H, respectively. Throughout the article, A ∈ B(H) is a
positive operator and B =
(
A O
O A
)
. Clearly, A induces a positive semidefinite
sesquilinear form 〈., .〉A : H × H → C, defined by 〈x, y〉A = 〈Ax, y〉 for all
x, y ∈ H. This sesquilinear form induces a seminorm ‖.‖A : H → R+, defined
by ‖x‖A =
√
〈x, x〉A for all x ∈ H. Clearly, ‖.‖A is a norm if and only if A is
injective and (H, ‖.‖A) is complete if and only if R(A) is closed in H. An operator
R ∈ B(H) is called an A-adjoint of T if 〈Tx, y〉A = 〈x,Ry〉A for all x, y ∈ H. The
existence of an A-adjoint of T is not guaranteed. Let BA(H) denote the collection
of all operators in B(H), which admit A-adjoints. By Douglas theorem [12], it
2010 Mathematics Subject Classification. Primary 47A12, Secondary 47A30, 47A63.
Key words and phrases. A-numerical radius; A-adjoint operator; Positive operator; Semi-
Hilbertian space; Inequality.
* Corresponding author.
First and second authors would like to thank UGC, Govt. of India for the financial support in
the form of SRF. Prof. Kallol Paul would like to thank RUSA 2.0, Jadavpur University for the
partial support.
1
2 R.K. NAYAK, P. BHUNIA AND K. PAUL
follows that
BA(H) = {T ∈ B(H) : R(T ∗A) ⊆ R(A)}.
If T ∈ BA(H) then the operator equation AX = T ∗A has a unique solution,
denoted by T ♯A, satisfying R(T ♯A) ⊆ R(A). Note that T ♯A = A†T ∗A, where A†
is the Moore-Penrose inverse of A. Clearly, A♯A = A. For T ∈ BA(H), we have
AT ♯A = T ∗A and N(T ♯A) = N(T ∗A). Note that, if T ∈ BA(H) then T ♯A ∈ BA(H)
and (T ♯A)♯A = PTP , where P is the orthogonal projection onto R(A). For further
study on the A-adjoint of an operator, we refer the interested readers to [2, 3]. It
follows from Douglas theorem that
BA1/2(H) = {T ∈ B(H) : ∃ λ > 0 such that ‖Tx‖A ≤ λ‖x‖A ∀ x ∈ H}.
If T ∈ BA1/2(H) then T is called A-bounded operator. It is well-known that
BA(H) and BA1/2(H) are two subalgebras of B(H) which are neither closed nor
dense in B(H). Moreover, the following inclusions
BA(H) ⊆ BA1/2(H) ⊆ B(H)
hold with equality if A is injective and has closed range. Let us now define the
A-operator seminorms on B(H). Let T ∈ BA1/2(H). The A-operator seminorm
of T , denoted by ‖T‖A, is defined as
‖T‖A = sup{‖Tx‖A : x ∈ H, ‖x‖A = 1}.
Clearly, ‖TT ♯A‖A = ‖T ♯AT‖A = ‖T ♯A‖2A = ‖T‖2A. The A-numerical range and the
A-numerical radius of T , denoted by WA(T ) and wA(T ), respectively, are defined
as
WA(T ) = {〈Tx, x〉A : x ∈ H, ‖x‖A = 1},
wA(T ) = sup{|〈Tx, x〉A| : x ∈ H, ‖x‖A = 1}.
For T ∈ BA1/2(H), we also have
‖T‖A = sup{|〈Tx, y〉A| : x, y ∈ H, ‖x‖A = ‖y‖A = 1}.
In particular, if we consider A = I in the definitions of the A-operator seminorm
and the A-numerical radius then we have the classical operator norm and the
numerical radius, respectively, i.e., ‖T‖A = ‖T‖ and wA(T ) = w(T ). It is well-
known that wA(.) and ‖.‖A are equivalent seminorms on BA1/2(H), satisfying the
following inequality. For T ∈ BA1/2(H),
1
2
‖T‖A ≤ wA(T ) ≤ ‖T‖A.
Recently many eminent mathematicians have studied A-numerical radius inequal-
ities, we refer the interested readers to [4, 6, 7, 8, 9, 14, 15, 23]. Following [13],
the A-spectral radius of an operator T ∈ BA1/2(H), denoted by rA(T ), is defined
as
rA(T ) = inf
n∈N
‖T n‖
1
n
A = lim
n→∞
‖T n‖
1
n
A .
Let us now define the A-positive operator. An operator T ∈ B(H) is called
A-selfadjoint if AT is selfadjoint, i.e., AT = T ∗A and it is called A-positive if
AT is positive. Observe that, if T is A-selfadjoint then T ∈ BA(H). However,
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in general, it does not always imply T = T ♯A. An operator T ∈ BA(H) satisfies
T = T ♯A if and only if T is A-selfadjoint and R(T ) ⊆ R(A). One can easily verify
that the operators T ♯AT and TT ♯A are A-positive. Following [4], the A-absolute
value of T ∈ BA(H), denoted by |T |A, is defined as |T |A =
(
AT ♯AT
) 1
2 . Clearly,
|T |A is a positive operator. It is easy to see that if AT = TA then |T |♯AA = |T |A.
This article is seperated into three sections, including the introductory one. In
the second section, we develop inequalities for the A-numerical radius of oper-
ators in BA(H). We also obtain bounds for the A-numerical radius of product
of operators in BA(H). The inequalities and bounds obtained here generalize
and improve on the existing ones [20] respectively. In third section we study
the inequalities on operator matrices. We obtain bounds for the B-numerical
radius of 2× 2 operator matrices of the form
(
O Y
Z O
)
as well as
(
X Y
Z W
)
,
where X, Y, Z,W ∈ BA(H). Also, we obtain an upper bound for the B-operator
seminorm of
(
X Y
Z W
)
. Further, we obtain upper bounds for the A-numerical
radius of n×n operator matrices of the form (Tij)n×n, where Tij ∈ BA(H) and A =
diag(A,A, . . . , A) is an n × n operator diagonal matrix. The bounds developed
in this section improve on some of the existing ones obtained in [5, 8, 16, 17, 21].
2. Inequalities of operators
We begin this section with the following known lemmas, which are used re-
peatedly to reach our goal in this present article.
Lemma 2.1. [20] Let a, b ≥ 0, 0 ≤ α ≤ 1 and p, q > 1 with 1
p
+ 1
q
= 1. Then
(a) aαb1−α ≤ αa+ (1− α)b ≤ [αar + (1− α)br]
1
r for r ≥ 1,
(b) ab ≤ a
p
p
+
bq
q
≤
[
apr
p
+
bqr
q
]1
r
for r ≥ 1.
Lemma 2.2. [4] Let T ∈ BA(H) be positive and let x ∈ H with ‖x‖A = 1. Then
〈Tx, x〉rA ≤ 〈T rx, x〉A, for r ≥ 1,
〈T rx, x〉A ≤ 〈Tx, x〉rA, for 0 ≤ r ≤ 1.
We also need the following theorem.
Theorem 2.3. [4] Let S, T ∈ BA(H) be such that AT = TA and |T |AS =
S♯A |T |A. If f and g are nonnegative continuous functions on [0,∞) satisfying
f(t)g(t) = t for all t ≥ 0, then
〈TSx, y〉A ≤ rA(S)‖f(|T |A)x‖A‖g(|T ♯A|A)y‖A for all x, y ∈ H.
Now, we are in a position to present A-numerical radius inequality of product
of two operators in BA(H).
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Theorem 2.4. Let X, Y ∈ BA(H) be such that AX = XA and |X|AY =
Y ♯A |X|A. Let f and g be nonnegative continuous functions on [0,∞) satisfying
f(t)g(t) = t for all t ≥ 0. Then
wA(XY ) ≤ rA(Y )
∥∥∥∥ 1αf 2pα(|X|A) +
1
β
g2pβ(|X♯A|A)
∥∥∥∥
1
2p
A
,
where p ≥ 1 and α, β > 1 with 1
α
+ 1
β
= 1.
Proof. Let x ∈ H with ‖x‖A = 1. Then using Theorem 2.3, Lemma 2.1 and
Lemma 2.2 we get,
|〈XY x, x〉A|2 ≤ r2A(Y )
∥∥f(|X|A)x∥∥2A
∥∥g(|X♯A|A)x∥∥2A
⇒ |〈XY x, x〉A|2 ≤ r2A(Y )
[
1
α
∥∥f(|X|A)x∥∥2αA + 1β
∥∥g(|X♯A|A)x∥∥2βA
]
⇒ ∣∣〈XY x, x〉A∣∣2p ≤ r2pA (Y )
[
1
α
〈
f 2(|X|A)x, x
〉α
A
+
1
β
〈
g2(|X♯A|A)x, x
〉β
A
]p
⇒ ∣∣〈XY x, x〉A∣∣2p ≤ r2pA (Y )
{
1
α
〈
f 2(|X|A)x, x
〉pα
A
+
1
β
〈
g2(|X♯A|A)x, x
〉pβ
A
}
,
as tp is convex
⇒ ∣∣〈XY x, x〉A∣∣2p ≤ r2pA (Y )
〈{
1
α
f 2pα(|X|A) + 1
β
g2pβ(|X♯A|A)
}
x, x
〉
A
⇒ ∣∣〈XY x, x〉A∣∣2p ≤ r2pA (Y )
∥∥∥∥ 1αf 2pα(|X|A) +
1
β
g2pβ(|X♯A|A)
∥∥∥∥
A
.
Taking supremum over ‖x‖A = 1, we get
w
2p
A (XY ) ≤ r2pA (Y )
∥∥∥∥ 1αf 2pα(|X|A) +
1
β
g2pβ(|X♯A |A)
∥∥∥∥
A
,
which gives the desired inequality of the theorem. 
In particular, if we consider f(t) = tr and g(t) = t1−r with 0 ≤ r ≤ 1 and
α = β = 2 in Theorem 2.4, we get the following corollary.
Corollary 2.5. Let X, Y ∈ BA(H) be such that AX = XA and |X|AY =
Y ♯A |X|A. If p ≥ 1 and 0 ≤ r ≤ 1, then
wA(XY ) ≤ rA(Y )
2
1
2p
∥∥∥∥|X|4prA + |X♯A|4p(1−r)A
∥∥∥∥
1
2p
A
In the following theorem we obtain the A-numerical radius inequality of product
of three operators in BA(H).
Theorem 2.6. Let X, T, Y ∈ BA(H) and let X, Y ≥ 0 be such that AX =
XA,AY = Y A. Then
wrA(X
αTY α) ≤ ‖T‖rA
∥∥1
p
Xpr +
1
q
Y qr
∥∥α
A
,
where 0 ≤ α ≤ 1, r ≥ 0, p, q > 1 with 1
p
+ 1
q
= 1 and pr, qr ≥ 2.
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Proof. Let x ∈ H with ‖x‖A = 1. Then using Lemmas 2.1, 2.2, we get
〈XαTY αx, x〉rA = 〈TY αx,Xαx〉rA
≤ ‖Xαx‖rA‖TY αx‖rA
≤ ‖T‖rA〈Xαx,Xαx〉
r
2
A〈Y αx, Y αx〉
r
2
A
≤ ‖T‖rA
[
1
p
〈X2αx, x〉
pr
2
A +
1
q
〈Y 2αx, x〉
qr
2
A
]
≤ ‖T‖rA
[
1
p
〈Xpαrx, x〉A + 1
q
〈Y qαrx, x〉A
]
≤ ‖T‖rA
[
1
p
〈Xprx, x〉αA +
1
q
〈Y qrx, x〉αA
]
≤ ‖T‖rA
[
1
p
〈Xprx, x〉A + 1
q
〈Y qrx, x〉A
]α
, by concavity of tα
= ‖T‖rA
〈{1
p
Xpr +
1
q
Y qr
}
x, x
〉α
A
≤ ‖T‖rA
∥∥1
p
Xpr +
1
q
Y qr
∥∥α
A
.
Taking supremum over ‖x‖A = 1, we get the desired inequality. 
Remark 2.7. In particular, if we consider A = I in Theorem 2.6 then we get
the existing inequality in [20, Th. 3.1].
Next we need the following lemma, the proof of which can be found in [10].
Lemma 2.8. Let x, y, e ∈ H with ‖e‖A = 1. Then
|〈a, e〉A〈e, b〉A| ≤ 1
2
(|〈a, b〉A|+ ‖a‖A‖b‖A).
Using Lemma 2.8, we obtain the following inequality for the A-numerical radius
of operators in BA(H).
Theorem 2.9. Let T ∈ BA(H) and let r ≥ 1. Then
w2rA (T ) ≤
1
2
wrA(T
2) +
1
2r+1
∥∥TT ♯A + T ♯AT∥∥r
A
.
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Proof. Let x ∈ H with ‖x‖A = 1. Taking a = Tx, b = T ♯Ax and e = x in Lemma
2.8, we get
|〈Tx, x〉A|2 ≤ 1
2
(|〈T 2x, x〉A|+ ‖Tx‖A ‖T ♯Ax‖A)
≤ 1
2
|〈T 2x, x〉A|+ 1
4
(‖Tx‖2A + ‖T ♯Ax‖2A) , by AM-GM inequality
=
1
2
|〈T 2x, x〉A|+ 1
4
〈(
TT ♯A + T ♯AT
)
x, x
〉
A
≤ 1
2
wA(T
2) +
1
4
‖TT ♯A + T ♯AT‖A
⇒ |〈Tx, x〉|2rA ≤
1
2
wrA(T
2) +
1
2r+1
‖TT ♯A + T ♯AT‖rA, by convexity of tr.
Taking supremum over ‖x‖A = 1, we get the required inequality. 
Remark 2.10. 1. It is pertinent to mention here that there was a mathematical
mistake in the proof of a similar inequality developed in [6, Th.2.16], the mistake
was in the consideration of TT ♯A and T ♯AT as a positive operator, which is not
necessarily true.
2. In particular, if we consider r = 1 in Theorem 2.9 then we get the inequality
in [23, Th. 2.11].
3. In [20, Th. 2.4], Sattari et. al. proved that the following numerical radius
inequality. For T ∈ BA(H) and r ≥ 1,
w2r(T ) ≤ 1
2
(
w(T 2) + ‖T‖2r) .
Clarly, if we consider A = I then Theorem 2.9 gives better bound than that in
[20, Th. 2.4].
Next, we need the following result, which follows from Theorem 2.3 by consid-
ering S = I.
Lemma 2.11. T ∈ BA(H) such that AT = TA. If f and g are nonnegative
continouous functions on [0,∞) satisfying f(t)g(t) = t for all t ≥ 0. Then
|〈Tx, y〉A| ≤ ‖f(|T |Ax)‖A‖g(|T ♯A|A)y‖A, for all x, y ∈ H.
Using Lemma 2.11 and Theorem 2.9, we obtain the following inequality.
Corollary 2.12. Let T ∈ BA(H) be such that AT = TA. Then
w2rA (T ) ≤
1
2
[
1
2r
∥∥TT ♯A + T ♯AT∥∥r
A
+
∥∥∥∥1pf pr(|T 2|A) +
1
q
gqr(|(T 2)♯A |A)
∥∥∥∥
A
]
.
where r ≥ 1, p, q > 1 with 1
p
+ 1
q
= 1 and pr, qr ≥ 2.
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Proof. Using Lemma 2.11, we get
|〈T 2x, x〉A|r ≤ ‖f(|T 2|A)x‖rA‖g(|(T 2)♯A|A)x‖rA
=
〈
f 2(|T 2|A)x, x
〉 r
2
A
〈
g2(|(T 2)♯A |A)x, x
〉 r
2
A
≤ 1
p
〈
f 2(|T 2|A)x, x
〉 pr
2
A
+
1
q
〈
g2(|(T 2)♯A|A)x, x
〉 qr
2
A
≤ 1
p
〈
f pr(|T 2|A)x, x
〉
A
+
1
q
〈
gqr(|(T 2)♯A|A)x, x
〉
A
=
〈(
1
p
f pr(|T 2|A) + 1
q
gqr|(T 2)♯A |A
)
x, x
〉
A
.
Taking supremum over ‖x‖A = 1, we get
wrA(T
2) ≤
∥∥∥∥1pf pr(|T 2|A) +
1
q
gqr(|(T 2)♯A |A)
∥∥∥∥
A
.
Therefore, using Theorem 2.9, we get the desired inequality of the corollary. 
Remark 2.13. We would like to remark that if we consider A = I then Corollary
2.12 gives better bound than that in [20, Prop. 2.5].
3. Inequalities of operator matrices
We begin this section with the following important well known equalities, the
proof of which can be found in [6, 9, 15].
Lemma 3.1. Let X, Y, Z,W ∈ BA(H). Then the following results hold:
(i) wB
(
X O
O Y
)
= max {wA(X), wA(Y )} .
(ii) wB
(
O X
Y O
)
= wB
(
O Y
X O
)
.
(iii) wB
(
O X
eiθY O
)
= wB
(
O X
Y O
)
, For any θ ∈ R.
(iv) wB
(
X Y
Y X
)
= max {wA(X + Y ), wA(X − Y )} .
In particular, wB
(
O Y
Y O
)
= wA(Y ).
(v) wB
(
O X
Y O
)
=
1
2
sup
θ∈R
‖eiθX + e−iθY ♯A‖A.
(vi)
∥∥∥∥
(
X O
O Y
)∥∥∥∥
B
=
∥∥∥∥
(
O X
Y O
)∥∥∥∥
B
= max
{‖X‖A, ‖Y ‖A}.
(vii)
(
X Y
Z W
)♯B
=
(
X♯A Z♯A
Y ♯A W ♯A
)
.
We also need the following lemma, we skip the trivial proof.
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Lemma 3.2. Let X, Y ∈ BA(H). Then∣∣∣∣
(
O X
Y O
)∣∣∣∣
B
=
( |Y |A O
O |X|A
)
.
We are now in a position to present the first theorem of this section, in which
we obtain B-numerical radius inequality of 2 × 2 operator matrices of the form(
O X
Y O
)
, where X, Y ∈ BA(H).
Theorem 3.3. Let X, Y ∈ BA(H) be such that AX = XA,AY = Y A and let
T =
(
O X
Y O
)
. Let f and g be two nonnegative continuous functions on [0,∞)
satisfying f(t)g(t) = t for all t ≥ 0. Then
wrB(T ) ≤ max
{∥∥∥∥1pf pr(|Y |A) +
1
q
gqr(|X♯A|A)
∥∥∥∥
A
,
∥∥∥∥1pf pr(|X|A) +
1
q
gqr(|Y ♯A |A)
∥∥∥∥
A
}
,
where r ≥ 1, p, q > 1 with 1
p
+ 1
q
= 1 and pr ≥ 2, qr ≥ 2.
Proof. Let z =
(
x1
x2
)
∈ H ⊕H be a B-unit vector. Then we have,
|〈Tz, z〉B|r
≤ ‖f(|T |B)z‖rB‖g(|T ♯B |B)z‖rB, by Lemma 2.11
=
〈
f 2(|T |B)z, z
〉 r
2
B
〈
g2(|T ♯B |B)z, z
〉 r
2
B
≤ 1
p
〈
f 2(|T |B)z, z
〉 pr
2
B
+
1
q
〈
g2(|T ♯B |B)z, z
〉 qr
2
B
, by Lemma 2.1
=
1
p
〈(
f 2(|Y |A) O
O f 2(|X|A)
)
z, z
〉 pr
2
B
+
1
q
〈(
g2(|X♯A|A) O
O g2(|Y ♯A|A)
)
z, z
〉 qr
2
B
≤
〈( 1
p
f pr(|Y |A) + 1qgqr(|X♯A |A) O
O 1
p
f pr(|X|A) + 1qgqr(|Y ♯A |A)
)
z, z
〉
B
, by Lemma 2.2
≤ wB
( 1
p
f pr(|Y |A) + 1qgqr(|X♯A|A) O
O 1
p
f pr(|X|A) + 1qgqr(|Y ♯A |A)
)
= max
{∥∥∥∥1pf pr(|Y |A) +
1
q
gqr(|X♯A |A)
∥∥∥∥
A
,
∥∥∥∥1pf pr(|X|A) +
1
q
gqr(|Y ♯A|A)
∥∥∥∥
A
}
, by Lemma 3.1.
Taking supremum over ‖z‖B = 1, we get the required inequality. 
Remark 3.4. In particular, if we take A = I then we get the inequality in [16,
Th. 2.6].
As a consequence of Theorem 3.3 we obtain the following lower and upper
bounds for the B-numerical radius of
(
O X
Y O
)
, where X, Y ∈ BA(H).
Corollary 3.5. Let X, Y ∈ B(H) be such that AX = XA,AY = Y A. Then
1
2
‖X+Y ♯A‖A ≤ wB
(
O X
Y O
)
≤ 1
2
max
{
‖ |Y |A+|X♯A|A‖A, ‖ |X|A+|Y ♯A |A‖A
}
.
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Proof. First inequality follows from Lemma 3.1 (v) and second inequality follows
from by taking f(t) = g(t) = t
1
2 , r = 1, p = q = 2 in Theorem 3.3. 
In the next theorem we obtain another upper bound for the B-numerical radius
of 2× 2 operator matrices of the form
(
O X
Y O
)
, where X, Y ∈ BA(H).
Theorem 3.6. Let T =
(
O X
Y O
)
, where X, Y ∈ BA(H) satisfying AX = XA
and AY = Y A. Let fi and gi be two nonnegative continuous functions on [0,∞)
satisfying fi(t)gi(t) = t for all t ≥ 0, i = 1, 2. Let r ≥ 1. Then
wrB(T ) ≤
2r
4
‖f 2r1 (|X|A) + g2r2 (|Y ♯A |A)‖
1
2
A‖f 2r2 (|Y |A) + g2r1 (|X♯A|A)‖
1
2
A.
Proof. Let, z =
(
x
y
)
∈ H ⊕H be a B-unit vector. Then, we get
|〈Tz, z〉B|r
=
(|〈Xy, x〉A + 〈Y x, y〉A|)r
≤ (|〈Xy, x〉A|+ |〈Y x, y〉A|)r
≤ 2
r
2
(|〈Xy, x〉A|r + |〈Y x, y〉A|r), by convexity of tr
≤ 2
r
2
(∥∥f1(|X|A)y∥∥rA
∥∥g1(|X♯A |A)x∥∥rA +
∥∥f2(|Y |A)x∥∥rA
∥∥g2(|Y ♯A|A)y∥∥rA
)
,
by Lemma 2.11
=
2r
2
[〈
f 21 (|X|A)y, y
〉r
2
A
〈
g21(|X♯A|A)x, x
〉 r
2
A
+
〈
f 22 (|Y |A)x, x
〉 r
2
A
〈
g22(|Y ♯A |A)y, y
〉r
2
A
]
≤ 2
r
2
[〈
f 2r1 (|X|A)y, y
〉1
2
A
〈
g2r1 (|X♯A |A)x, x
〉 1
2
A
+
〈
f 2r2 (|Y |A)x, x
〉 1
2
A
〈
g2r2 (|Y ♯A|A)y, y
〉1
2
A
]
,
by Lemma 2.2
≤ 2
r
2
[〈{
f 2r1 (|X|A) + g2r2 (|Y ♯A)
}
y, y
〉1
2
A
〈{
f 2r2 (|Y |A) + g2r1 (|X♯A)
}
x, x
〉 1
2
A
]
≤ 2
r
2
‖f 2r1 (|X|A) + g2r2 (|Y ♯A|A)‖
1
2
A‖f 2r2 (|Y |A) + g2r1 (|X♯A|A)‖
1
2
A‖x‖A‖y‖A
≤ 2
r
4
‖f 2r1 (|X|A) + g2r2 (|Y ♯A|A)‖
1
2
A‖f 2r2 (|Y |A) + g2r1 (|X♯A|A)‖
1
2
A.
Taking supremum over ‖z‖B = 1, we get the desired inequality. 
In particular, if we consider f1(t) = f2(t) = t
p and g1(t) = g2(t) = t
1−p in
Theorem 3.6, then we get the following corollary.
Corollary 3.7. Let T =
(
O X
Y O
)
, where X, Y ∈ BA(H) satisfying AX = XA
and AY = Y A. Then
wrB(T ) ≤
2r
4
∥∥∥∥|X|2prA + |Y ♯A|2(1−p)rA
∥∥∥∥
1
2
A
∥∥∥∥|Y |2prA + |X♯A|2(1−p)rA
∥∥∥∥
1
2
A
,
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for r ≥ 1, 0 ≤ p ≤ 1.
Remark 3.8. We would like to remark that if we consider A = I, r = 1 and
p = 1
2
in Corollary 3.7 then we get the existing inequality [1, Th. 4].
Incomparability of Theorem 3.3 and Theorem 3.6. The upper bound ob-
tained in Theorem 3.6 (considering f1 = f2 = f , g1 = g2 = g, r = 1) is better than
that obtained in Theorem 3.3 (considering p = q = 2, r = 1). On the other hand
the upper bound obtained in Theorem 3.6 (considering f1 = f2 = g1 = g2 = f ,
r ≥ 2, X = Y ) is weaker than that obtained in Theorem 3.3 (considering
p = q = 2, X = Y ). Therefore, we conclude that the bounds in Theorem
3.6 and Theorem 3.3 are not comparable, in general.
In the following theorems, we obtain bounds for the B-operator seminorm and
the B-numerical radius bounds of 2×2 operator matrices of the form
(
X Y
Z W
)
,
where X, Y, Z,W ∈ BA(H). Xu et. al. [22] also obtained upper bound for the
B-numerical radius of
(
X Y
Z W
)
, which is different from our bounds.
Theorem 3.9. Let X, Y, Z,W ∈ BA(H). Then
∥∥∥∥
(
X Y
Z W
)∥∥∥∥
2
B
≤ max{‖X‖2A, ‖W‖2A}+max{‖X‖A, ‖W‖A}max{‖Y ‖A, ‖Z‖A}
+max{‖Y ‖2A, ‖Z‖2A}+ wB
(
O Z♯AW
Y ♯AX O
)
.
Proof. Let x, y be two B-unit vectors in H⊕H. Then, we get
∣∣∣∣
〈(
X Y
Z W
)
x, y
〉
B
∣∣∣∣
2
=
∣∣∣∣
〈[(
X O
O W
)
+
(
O Y
Z O
)]
x, y
〉
B
∣∣∣∣
2
=
∣∣∣∣
〈(
X O
O W
)
x, y
〉
B
+
〈(
O Y
Z O
)
x, y
〉
B
∣∣∣∣
2
≤
∣∣∣∣
〈(
X O
O W
)
x, y
〉
B
∣∣∣∣
2
+
∣∣∣∣
〈(
O Y
Z O
)
x, y
〉
B
∣∣∣∣
2
+2
∣∣∣∣
〈(
X O
O W
)
x, y
〉
B
∣∣∣∣
∣∣∣∣
〈(
O Y
Z O
)
x, y
〉
B
∣∣∣∣
=
∣∣∣∣
〈(
X O
O W
)
x, y
〉
B
∣∣∣∣
2
+
∣∣∣∣
〈(
O Y
Z O
)
x, y
〉
B
∣∣∣∣
2
+2
∣∣∣∣
〈(
X O
O W
)
x, y
〉
B
〈
y,
(
O Y
Z O
)
x
〉
B
∣∣∣∣
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≤
∣∣∣∣
〈(
X O
O W
)
x, y
〉
B
∣∣∣∣
2
+
∣∣∣∣
〈(
O Y
Z O
)
x, y
〉
B
∣∣∣∣
2
+
∥∥∥∥
(
X O
O W
)
x
∥∥∥∥
B
∥∥∥∥
(
O Y
Z O
)
x
∥∥∥∥
B
+
∣∣∣∣
〈(
X O
O W
)
x,
(
O Y
Z O
)
x
〉
B
∣∣∣∣,
by Lemma 2.8
=
∣∣∣∣
〈(
X O
O W
)
x, y
〉
B
∣∣∣∣
2
+
∣∣∣∣
〈(
O Y
Z O
)
x, y
〉
B
∣∣∣∣
2
+
∥∥∥∥
(
X O
O W
)
x
∥∥∥∥
B
∥∥∥∥
(
O Y
Z O
)
x
∥∥∥∥
B
+
∣∣∣∣
〈(
O Z♯AW
Y ♯AX O
)
x, x
〉
B
∣∣∣∣.
Taking supremum over x, y with ‖x‖B = ‖y‖B = 1 and using Lemma 3.1, we get
the required inequality. 
Remark 3.10. We would like to note that the inequality in [5, Th. 2.1] follows
from Theorem 3.9 by taking A = I.
Next, we obtain an upper bound for the B-numerical radius of
(
X Y
Z W
)
,
where X, Y, Z,W ∈ BA(H).
Theorem 3.11. Let X, Y, Z,W ∈ BA(H). Then
w2B
(
X Y
Z W
)
≤ max{w2A(X), w2A(W )}+ w2B
(
O Y
Z O
)
+ wB
(
O Z♯AW
Y ♯AX O
)
+
1
2
max
{‖X♯AX + Z♯AZ‖A, ‖W ♯AW + Y ♯AY ‖A}.
Proof. Let x be a B-unit vector in H⊕H. Then, we get
∣∣∣∣
〈(
X Y
Z W
)
x, x
〉
B
∣∣∣∣
2
=
∣∣∣∣
〈[(
X O
O W
)
+
(
O Y
Z O
)]
x, x
〉
B
∣∣∣∣
2
=
∣∣∣∣
〈(
X O
O W
)
x, x
〉
B
+
〈(
O Y
Z O
)
x, x
〉
B
∣∣∣∣
2
≤
∣∣∣∣
〈(
X O
O W
)
x, x
〉
B
∣∣∣∣
2
+
∣∣∣∣
〈(
O Y
Z O
)
x, x
〉
B
∣∣∣∣
2
+2
∣∣∣∣
〈(
X O
O W
)
x, x
〉
B
〈(
O Y
Z O
)
x, x
〉
B
∣∣∣∣
=
∣∣∣∣
〈(
X O
O W
)
x, x
〉
B
∣∣∣∣
2
+
∣∣∣∣
〈(
O Y
Z O
)
x, x
〉
B
∣∣∣∣
2
+2
∣∣∣∣
〈(
X O
O W
)
x, x
〉
B
〈
x,
(
O Y
Z O
)
x
〉
B
∣∣∣∣
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≤
∣∣∣∣
〈(
X O
O W
)
x, x
〉
B
∣∣∣∣
2
+
∣∣∣∣
〈(
O Y
Z O
)
x, x
〉
B
∣∣∣∣
2
+
∥∥∥∥
(
X O
O W
)
x
∥∥∥∥
B
∥∥∥∥
(
O Y
Z O
)
x
∥∥∥∥
B
+
∣∣∣∣
〈(
X O
O W
)
x,
(
O Y
Z O
)
x
〉
B
∣∣∣∣,
by Lemma 2.8
=
∣∣∣∣
〈(
X O
O W
)
x, x
〉
B
∣∣∣∣
2
+
∣∣∣∣
〈(
O Y
Z O
)
x, x
〉
B
∣∣∣∣
2
+
〈(
X♯AX O
O W ♯AW
)
x, x
〉 1
2
B
〈(
Z♯AZ O
O Y ♯AY
)
x, x
〉 1
2
B
+
∣∣∣∣
〈(
O Z♯AW
Y ♯AX O
)
x, x
〉
B
∣∣∣∣
≤
∣∣∣∣
〈(
X O
O W
)
x, x
〉
B
∣∣∣∣
2
+
∣∣∣∣
〈(
O Y
Z O
)
x, x
〉
B
∣∣∣∣
2
+
1
2
〈(
X♯AX + Z♯AZ O
O Y ♯AY +W ♯AW
)
x, x
〉
B
+
∣∣∣∣
〈(
O Z♯AW
Y ♯AX O
)
x, x
〉
B
∣∣∣∣, by AM-GM inequality.
Taking supremum over ‖x‖B = 1, and using Lemma 3.1, we get the required
inequality of the theorem. 
In particular, if we take W = X, Z = Y in Theorem 3.11 and then using
Lemma 3.1, we get the following corollary.
Corollary 3.12. Let X, Y ∈ BA(H). Then
max{w2A(X+Y ), w2A(X−Y )} ≤ w2A(X)+w2A(Y )+
1
2
‖X♯AX+Y ♯AY ‖A+w2A(Y ♯AX).
Remark 3.13. Consider T =
(
X Y
Z W
)
, where Y = Z =
(
0 1
0 0
)
, X =
W =
(
0 0
0 0
)
. If we take A = I then the bound obtained by Rout et. al. in
[21, Th. 3.5] gives w2B(T ) ≤ 4, whereas the bound obtained in Theorem 3.11
gives w2B(T ) ≤ 34 . Therefore, for this operator matrix T, the bound obtained in
Theorem 3.11 is better than that in [21, Th. 3.5].
Next, we obtain another upper bound for theB-numerical radius of
(
X Y
Z W
)
,
where X, Y, Z,W ∈ BA(H).
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Theorem 3.14. Let X, Y, Z,W ∈ BA(H). Then
w2B
(
X Y
Z W
)
≤ max{w2A(X), w2A(W )}+
1
2
max{wA(Y Z), wA(ZY )}
+wB
(
O YW
ZX O
)
+
1
4
max{‖Y Y ♯A + Z♯AZ‖A, ‖Y ♯AY + ZZ♯A‖A}
+
1
2
max{‖X♯AX + Y Y ♯A‖A, ‖W ♯AW + ZZ♯A‖A}.
Proof. Let x be B-unit vector in H⊕H. Then∣∣∣∣
〈(
X Y
Z W
)
x, x
〉
B
∣∣∣∣
2
=
∣∣∣∣
〈[(
X O
O W
)
+
(
O Y
Z O
)]
x, x
〉
B
∣∣∣∣
2
=
∣∣∣∣
〈(
X O
O W
)
x, x
〉
B
+
〈(
O Y
Z O
)
x, x
〉
B
∣∣∣∣
2
≤
∣∣∣∣
〈(
X O
O W
)
x, x
〉
B
∣∣∣∣
2
+
∣∣∣∣
〈(
O Y
Z O
)
x, x
〉
B
∣∣∣∣
2
+2
∣∣∣∣
〈(
X O
O W
)
x, x
〉
B
〈(
O Y
Z O
)
x, x
〉
B
∣∣∣∣
=
∣∣∣∣
〈(
X O
O W
)
x, x
〉
B
∣∣∣∣
2
+
∣∣∣∣
〈(
O Y
Z O
)
x, x
〉
B
〈
x,
(
O Z♯A
Y ♯A O
)
x
〉
B
∣∣∣∣
+2
∣∣∣∣
〈(
X O
O W
)
x, x
〉
B
〈
x,
(
O Z♯A
Y ♯A O
)
x
〉
B
∣∣∣∣
≤
∣∣∣∣
〈(
X O
O W
)
x, x
〉
B
∣∣∣∣
2
+
1
2
[∥∥∥∥
(
O Y
Z O
)
x
∥∥∥∥
B
∥∥∥∥
(
O Z♯A
Y ♯A O
)
x
∥∥∥∥
B
+
∣∣∣∣
〈(
O Y
Z O
)
x,
(
O Z♯A
Y ♯A O
)
x
〉
B
∣∣∣∣
]
+
∥∥∥∥
(
X O
O W
)
x
∥∥∥∥
B
∥∥∥∥
(
O Z♯A
Y ♯A O
)
x
∥∥∥∥
B
+
∣∣∣∣
〈(
X O
O W
)
x,
(
O Z♯A
Y ♯A O
)
x
〉
B
∣∣∣∣,
by Lemma 2.8
=
∣∣∣∣
〈(
X O
O W
)
x, x
〉
B
∣∣∣∣
2
+
1
2
〈(
Z♯AZ O
O Y ♯AY
)
x, x
〉 1
2
B
〈(
Y Y ♯A O
O ZZ♯A
)
x, x
〉 1
2
B
+
1
2
〈(
Y Z O
O ZY
)
x, x
〉
B
+
〈(
X♯AX O
O W ♯AW
)
x, x
〉 1
2
B
〈(
Y Y ♯A O
O ZZ♯A
)
x, x
〉 1
2
B
+
∣∣∣∣
〈(
O YW
ZX O
)
x, x
〉
B
∣∣∣∣
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≤
∣∣∣∣
〈(
X O
O W
)
x, x
〉
B
∣∣∣∣
2
+
1
4
〈(
Z♯AZ + Y Y ♯A O
O Y ♯AY + ZZ♯A
)
x, x
〉
B
+
1
2
〈(
Y Z O
O ZY
)
x, x
〉
B
+
1
2
〈(
X♯AX + Y Y ♯A O
O W ♯AW + ZZ♯A
)
x, x
〉
B
+
∣∣∣∣
〈(
O YW
ZX O
)
x, x
〉
B
∣∣∣∣,
by AM-GM inequality.
Taking supremum over ‖x‖B = 1 and then using Lemma 3.1, we get the desired
result. 
Considering X = W, Y = Z in Theorem 3.14 and using Lemma 3.1, we get the
following corollary.
Corollary 3.15. Let X, Y ∈ BA(H). Then
max
{
w2A(X + Y ), w
2
A(X − Y )
} ≤ w2A(X) + 14
∥∥Y Y ♯A + Y ♯AY ∥∥
A
+
1
2
wA(Y
2) +
1
2
∥∥X♯AX + Y Y ♯A∥∥
A
+ wA(Y X).
Remark 3.16. Consider T =
(
X Y
Z W
)
, where X = Z = W = O, Y =(
0 1
0 0
)
and A = I, then the bound obtained in [21, Th. 3.7] gives w2B(T ) ≤ 1,
whereas the bound in Theorem 3.14 gives w2B(T ) ≤ 34 . Therefore, for this operator
matrix T, Theorem 3.14 gives a better bound than that in [21, Th. 3.7].
Incomparability of Theorem 3.11 and Theorem 3.14. Considering X =
W = O and Y = Z we see that Theorem 3.11 gives better bound than that in
Theorem 3.14. Again, if we consider A = I and X = (1
2
), Y = (1), Z = W = (0)
then for the operator matrix T =
(
X Y
Z W
)
Theorem 3.11 gives w2B(T ) ≤ 108 ,
whereas Theorem 3.14 gives w2B(T ) ≤ 98 . Therefore, for this operator matrix, The-
orem 3.14 gives better bound than that in Theorem 3.11. Thus, bounds obtained
in Theorem 3.11 and Theorem 3.14 are not comparable, in general.
In the next two theorems we obtain upper bounds for the A-numerical radius
of n × n operator matrices of the form (Tij)n×n, where Tij ∈ BA(H) and A =
diag(A,A, . . . , A) is an n× n operator diagonal matrix.
Theorem 3.17. Let T = (Tij) be an n × n operator matrix, where Tij ∈ BA(H)
satisfying ATij = TijA. Let f and g be two nonnegative continuous functions on
[0,∞) satisfying f(t)g(t) = t for all t ≥ 0. Then
wA(T ) ≤ w(S),
where S = (sij)n×n, sij = ‖f(|Tij|A)‖A‖g(|T ♯Aij |A)‖A.
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Proof. Let x = (x1, x2, . . . , xn) ∈ ⊕ni=1H with ‖x‖A = 1, i.e., ‖x1‖2A + ‖x2‖2A +
. . . + ‖xn‖2A = 1. Let y = (‖x1‖A, ‖x2‖A, . . . , ‖xn‖A). Clearly, y is a unit vector
in Cn. Now, we have
|〈Tx, x〉A| = |
n∑
i,j=1
〈Tijxj , xi〉A|
≤
n∑
i,j=1
|〈Tijxj , xi〉A|
≤
n∑
i,j=1
‖f(|Tij|A)xj‖A‖g(|T ♯Aij |A)xi‖A, by Lemma 2.11
≤
n∑
i,j=1
‖f(|Tij|A)‖A‖g(|T ♯Aij |A)‖A‖xi‖A‖xj‖A
= 〈Sy, y〉
≤ w(S).
Therefore, taking supremum over ‖x‖A = 1, we get the desired inequality. 
Remark 3.18. 1. In particular, if we consider A = I in Theorem 3.17, then we
get the inequality in [8, Th. 3.1].
2. Again, if we consider f(t) = g(t) =
√
t and A = I in Theorem 3.17, then we
get the inequality in [17, Th. 1.1].
Next, we obtain another upper bound for the A-numerical radius of n × n
operator matrices.
Theorem 3.19. Let T = (Tij) be an n × n operator matrix, where Tij ∈ BA(H)
satisfying ATij = TijA. Let f and g be two nonnegative continuous functions on
[0,∞) satisfying f(t)g(t) = t for all t ≥ 0. Then
wA(T) ≤ w(R),
where R = (rij)n×n, rij = ‖f(|Tij|A)‖A‖g(|T ♯Aij |A)‖A, if i 6= j and rij = 12‖f 2(|Tii|A)+
g2(|T ♯Aii |A)‖A, if i = j.
Proof. Let x = (x1, x2, . . . , xn) ∈ ⊕ni=1H with ‖x‖A = 1, i.e., ‖x1‖2A + ‖x2‖2A +
· · ·+ ‖xn‖2A = 1. Let y = (‖x1‖A, ‖x2‖A, . . . , ‖xn‖A). Clearly, y is unit vector in
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C
n. Now, we have
|〈Tx, x〉A| = |
n∑
i,j=1
〈Tijxj , xi〉A|
≤
n∑
i,j=1
|〈Tijxj , xi〉A|
≤
n∑
i,j=1
‖f(|Tij|A)xj‖A‖g(|T ♯Aij |A)xi‖A, by Lemma 2.11
=
n∑
i=1
‖f(|Tii|A)xi‖A‖g(|T ♯Aii |A)xi‖A
+
n∑
i,j=1,i 6=j
‖f(|Tij|A)xj‖A‖g(|T ♯Aij |A)xi‖A
=
n∑
i=1
〈f 2(|Tii|Axi, xi〉
1
2
A〈g2(|T ♯Aii |A)xi, xi〉
1
2
A
+
n∑
i,j=1,i 6=j
‖f(|Tij|A)xj‖A‖g(|T ♯Aij |A)xi‖A
≤
n∑
i=1
1
2
〈(
f 2(|Tii|A) + g2(|T ♯Aii |A)
)
xi, xi
〉
A
+
n∑
i,j=1,i 6=j
‖f(|Tij|A)xj‖A‖g(|T ♯Aij |A)xi‖A, by AM-GM inequality
≤
n∑
i=1
1
2
‖f 2(|Tii|A) + g2(|T ♯Aii |)‖A‖xi‖2A
+
n∑
i,j=1,i 6=j
‖f(|Tij|A‖A‖g(|T ♯Aij |A)‖A‖xi‖A‖xj‖A
= 〈Ry, y〉
≤ w(R).
Taking supremum over ‖x‖A = 1, we get the desired inequality of the theorem. 
In particular, if we consider f(t) = g(t) =
√
t in Theorem 3.19 then we get the
following corollary.
Corollary 3.20. Let T = (Tij) be an n× n operator matrix where Tij ∈ BA(H)
satisfying ATij = TijA. Then
wA(T) ≤ w(R˜),
where R˜ = (r˜ij)n×n, r˜ij =
∥∥|Tij |A∥∥ 12A
∥∥|T ♯Aij |A∥∥ 12A if i 6= j and r˜ij = 12
∥∥∥|Tii|A + |T ♯Aii |A
∥∥∥
A
if i = j.
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Remark 3.21. The inequality in [8, Th. 3.3] follows from Theorem 3.19 by
considering A = I.
Incomparability of Theorem 3.17 and Theorem 3.19. If we consider f(t) =
g(t) =
√
t and A = I then Theorem 3.19 gives better bound than that in Theorem
3.17. Again, if we consider f(t) = t, g(t) = 1 and
∥∥|Tii|A∥∥A ≤ 12‖I + |Tii|2A‖A for
all i = 1, 2, . . . , n, then Theorem 3.17 gives better bound than that in Theorem
3.19. Therefore, we conclude that the bounds in Theorem 3.17 and Theorem 3.19
are not comparable, in general.
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